
 
MATH2050C Lecture on 31612020

Reminder PS5 due today PSG posted

Question Given a seq Xu can we find conditions A St

1 A Xn convergent

z xn divergent

Some examples Divergence criteria

I xn unbdd

Some examples Convergence criteria

A Squeeze Thm or Ratio test or limit theorems

H xn bdd monotone

Def xn is monotone if it is

either ci increasing i e X E Xa E Xz E f Xu E Xue th C IN

or II decreasing ie X 3 23 33 C Xh Z Xne th EIN

Note If inequalities above are strict then we say that it is

strictlymonotone increasing 1decreasing

Eg Xn n strictly increasing unbdd divergent

ES Xn ht strictly decreasing bad convergent

necessaryMCT
Monotone Convergence Thm Xn monotone bold Xn convergent

Remark Thetheorem does NIT compute the limit

Non eg 1 xn n monotone But not bdd divergent

Non e.g 2 Xn NOTmonotone bold convergent



Proof Assume Xn is increasing bold
E
n

Picture R
T

M supxn M

Idea Show him Xn suplxnlnc.IN

Consider the subset

of F S f xn l n c IN E B bdd xn Bdd

Completeness of B X supS G B exists

Claim X lim Xn

Pf of Claim Use defI of limit Let E 0

Since X sups X E is NII an upper bd of S

I K E IN s t X E Xk C S

Since Xn is increasing we have
1 I 11

X E L Xk E Xk I Xk z E n E Xu th 3K

Since X supS is an upper bd of S
tf n e N 12

Xn E X s X 1 E

Combining 1 2 Uh 3 K

X E L Xn e x 1 E b

Remark MCT is a verypowerful tool to show convergence

step1 use MCT to show limcxn X exists

strategy
Step2 use other ways e.g limit 1hm to evaluate x



Example 1 Harmonic series

Let hn It f b t f t I n E IN
n

So h I ha has

Show that hn is divergent

Pf By MCT hn divergent Chu unbold hn increasing
7

Claim hn is unbold above

Observation hi I

ha It 1

2h3It Iz t
try It 4 It It t

L
i 2

hg It I 131 4 c It f f t f
It 114 14 It f c tag f

1
Lz 2

Moregenerally if n 2M ME IN

hzm It Iz t t t t Iz It m2
s

in terms Lunbdd as m 700

So hn is unbdd hence divergent
b

Remark MCT is particularly useful to study Xn

which are defined recursively



Example 2 Very important
Let Yn be a seq s t Y 1 and

recursive Yue i 4 2Yn 13 th E N
formula

show that limlyn 312

Proof Observe Y 1 92 412 1 3 93 4 2.54 3 It

Claim 1 Tn is increasing i.e Ynet 3 Dn th C IN

Pf By M I When h l Yz F 1 Yi

Assume n K holds ie Ynet 3 9h

When n ht 1

Ynez 14 29kt 13 12Yn13 Tht

Claim 2 yn is bold above by 2 i.e Yu f 2 th C IN

PI ByM I When nai Yi 1 2

Assume 9h E 2 Then

Tht 29kt3 E 14 2.2 13 C 2
is

By MCT lim yn Y exists

Idea Take the limit on both sides of C

Lim Ynet 4 29N13

him Yn Lim Ynet 14 2 lim yn 13 y 29 3

i.e y 312
Ynet is a 1 tail

limit 1hm

of Cyn

Yue Yz93 94 Yu vs



Example 3 Let Sn be a seq s t Si 2 and

Sue a Lz Sn 1 Isn UnC IN

show that lim Sn FI
noProof Claim 1 Sn is bold from below by F
x x

Il Sn 2SueSu 2 0 is a quadraticeqI in Su

which has a real root Chamely Sn

4sie 4.2 30

Sue 3 R b

claim 2 Sn decreasing ie She E Sn th C N

2 7,0 by claim2
Su 2

Sn Sue Sn Iz Sn 1 In 302 Sn
b

By MCT lim Sn s exists

Take limit on both sides of C We get

S St

s D
b

Remark Since increasing seq is automatically boldbelow
decreasing above

MCT increasing 1 bold above conv

decreasing C bold below conu



A difficult
Subsequence 3.41

strictly
Def'd Given a seq xn new suppose we have a increasing seq

of natural numbers hisC IN
N C Nz Nz My c Nk C n

Then k thterm
in

hn thterm
in X

X Xm Xn Xn Xn Xm

is called a subsequence of Xn

Example X Xy Xs

Xn n 11 2 3 4 55 n

index chosen n L Nz 4 Nz 5
bynein

Xna 1 4 5

index Xh Xna Xnz
byhelN

Example L tail of Xn is the subseq Xhte
chopthisoff

Xn E X Xz Xe Yee Xetz r

X e Yet Xetz n

7
his

Example Xn C l has subseq I I a or C 1 I

Remarks Given Xn 7 manypossiblesubseq Xue of Xn

Thm If Xu x then AN subseq Xm X



Proof Note Nk z k th C IN

Let Ezo Since lim Xn X I k C IN St IXu XI C E th 3K

Since rn k Uk c IN whenever k 3K we will have ht 3k 3k

I xn xtc E Oka K
D


